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Abstract 

We extend the results by Froelich and Spronk & Turowska on the con- 
nection between operator synthesis and spectral synthesis for A{G) to second 
countable locally compact groups G. This gives us another proof that one- 
point subset of G is a set of spectral synthesis and that any closed subgroup is 
a set of local spectral synthesis. Furthermore we show that "non-triangular" 
sets are strong operator Ditkin sets and we establish a connection between 
operator Ditkin sets and Ditkin sets. These results are applied to prove that 
any closed subgroup of G is a local Ditkin set. 

1 Introduction 

In jX] Arveson discovered a connection between the invariant subspace theory and 
spectral synthesis. He defined (operator) synthesis for subspace lattices and proved 
the failure of operator synthesis by using the famous example of Schwartz on non- 
synthesizability of the two-sphere S 2 for A(IR 3 ). In jFj Froelich made this connection 
more precise for separable abelian group. For G a separable compact group this 
relation was obtained in |ST[ Theorem 4.6.]. We generalize these results to second 
countable locally compact groups (Theorems I4.HI and I4.1()j) . We use the definition 
of sets of operator synthesis as defined in |ShTlj . We prove that a closed subset 
E C G is set of local spectral synthesis for A(G) if and only if the diagonal set 
E* = {(s, t) G G x G | st^ 1 G E} is a set of operator synthesis with respect to Haar 
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measure. We remark that if A(G) has an (unbounded) approximate identity then 
any set of local spectral synthesis is a set of synthesis for A(G) and any compact 
set of local spectral synthesis is globally spectral for any group G. We give a new 
proof that a one-point set is spectral and any closed subgroup of second countable 
group is a set of local spectral synthesis. Using operator synthesizability of sets of 
finite width we obtain certain example of sets of spectral synthesis. 
Operator-Ditkin sets have been defined in |ShTlj . In Section 5 we show first that 
"non-triangular" type sets are strong operator-Ditkin. The proof is inspired by [Dj . 
For G second countable group we prove that the diagonal set E* C G x G is a strong 
operator-Ditkin set with respect to Haar measure then E C G is a local Ditkin set 
for A(G) and conversely, for any strong Ditkin set E C G, the set E* is operator- 
Ditkin with respect to Haar measure. As an application we obtain that any closed 
subgroup of a second countable group is a local Ditkin set. This result was known 
for neutral subgroups of arbitrary locally compact groups G ( DD]) and amenable 
groups G (jEEEH])- 



2 Preliminaries and notations 

Let G be a locally compact a-compact separable group with left Haar measure 
m = dg. Let L P (G), p = 1,2, denote the space of p-integrable functions with norm 
|| • ||p and let C C (G) denote the algebra of continuous compactly supported complex- 
valued functions on G. The convolution algebra ^(G) is an involutive algebra with 
involution defined by f*(s) = A _1 (s)/(s _1 ), where A is the modulus of the group. 
Let S be the set of all (equivalence classes of) continuous unitary representations ir 
of G in Hilbert spaces H n . For / G -^ 1 (G), n G S, we put n(f) = f G f(g)ir(g)dg G 
B(H W ) with the integral converging in the strong operator topology, and then 

||/||e = bu P |K(/)||, 

vreS 

where || • || is the operator norm in B^H^). 

The enveloping C* -algebra C*(G) of G is the completion of L}{G) with respect to 
|| ■ ||s- Let A : G — > B(L 2 (G)) be the left regular representation given by X(s)f(g) = 
f(s~ l g). We denote by C*(G) the reduced C*-algebra of G, that is the C*-algebra 
generated by operators A(/) G B(L 2 (G)), f G ^(G), and by VN(G) the von 
Neumann algebra of G, that is 

VN(G) = spm WOT {X(g) :geG} = Cf{G) WOT c B(L 2 (G)). 

The Fourier- Stieltjes algebra, B(G), is the set of all coefficients s i— > tt^ v (s) = 
(ir(s)£,7)), where n G S, £, r\ G H n , of unitary representations of G, as defined by 
Eymard, jEj. B(G) is a Banach algebra with respect to the the norm 

INI = inf {ll£ll IMI : u = vt,v}- 
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Note that B{G) ~ C*(G)*. 

The Fourier algebra, A(G), is the family of functions s i— > (A(s)£, 77) = 77 * £, 
(, i| 6 L 2 {G), |(s) = ^(s" 1 ). is identified with the predual VN(G)* via 

((A(s)£, 77), T) = (T£,rj), and thus is a normed algebra with the norm denoted by 
1 1 • 1 1 A- It is known that for u G A(G) there exist even £, 77 G L,2(G) such that u = fj*^ 
and = HClb • I Mb- Furthermore, A(£?) is a closed ideal in B(G). 

Since A(Cr) is the predual of the von Neumann algebra VN(G), A(G) possesses 
a structure of operator space and one can define a notion of completely bounded 
multipliers, M cb A(G), for A(G). For the theory of operator space and completely 
bounded maps we refer the reader to |EfR| IBSmt Ej. A complex- valued function 
u : G — > C is a completely bounded multiplier if it is a multiplier, i.e. uA{G) C A(GQ, 
and is completely bounded as a linear map on A(G). We have A(G) C -B(G) C 
M cb A{G) and, for u G A(G), \\u\\d> < IMU, where || • || c f, is the completely bounded 
norm (see [HI Corollary 2.3.3]). We will use here a characterization of M c bA(G) 
obtained by N.Spronk in [SJ as formulated in Theorem 13.11 

3 Spectral and operator synthesis 

Let A be a semisimple, regular, commutative Banach algebra with Xa as spectrum; 
for any a G A we shall denote then by a G Cq(Xa) its Gelfand transform. Let also 
E C Xa be a closed subset. We then denote by 

I A (E) = {a G A I a _1 (0) contains £}, 
J°(£) = { a G A I a -1 (0) contains a neighborhood of and J A (E) = J\{E). 

It is known that Ia{E) and Ja{E) are the largest and the smallest closed ideals with 
E as hull, i.e., if J is a closed ideal such that {x G Xa : f(x) = for all / G 1} = -E 
then 

J A (£) c / C Ia{E). 

Let I%{E) denote the set of all compactly supported functions / G Ia(E). We say 
that E is a set 0/ spectral synthesis (local spectral synthesis) for A if J A (E) = Ia(E) 

(I C A (E) c J A (£)). 

Let A* be the dual of A. For a G A we set supp(a) = {x G X^ : a(x) 7^ 0} and 
null(a) = {x G X^ : a(x) = 0}. For r G A* and a G A define ar in A* by 
ar(6) = r(ab) and define the support of r by 

supp(r) = {x G : ar 7^ whenever a(x) 7^ 0}. 

Then, for a closed set C Xa 

Ja(E) 1 - = { T eA*: supp(r) C E} 
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and E is spectral for A if and only if r(a) = for any a G A and r G A* such that 
supp(r) C E C null(a). 

The algebra A(G) is a semi-simple abelian regular Banach algebras with spectrum 
G. In what follows we write Ia(E) for Ia(g)(E), Ja{E) for Ja(g)(E), and supp^^T 
for supp(T) if T G VN(G) = (A(G))*. 

Now we recall some definitions and important facts on operator synthesis following 
O IShTlj . To make use of the results from [T^ IShTlj we will assume in the rest of 
the paper that G is a second countable locally compact group or s.c.l.c group for 
short, and therefore is metrizable by |HRH 8.3]. 

A subset E C G x G is called marginally null (with respect to m x m) if E C 
(M x G) U (G x TV) and m(M) = m(iV) = 0. Two subsets E x , E 2 are marginally 
equivalent (E% ~ M £"2 or simply E\ = E 2 ) if their symmetric difference is marginally 
null. Furthermore, E\ C M E 2 means that E\\E 2 is marginally null, a property holds 
marginally almost everywhere if it holds everywhere apart of a marginally null set, 
and so on. 

Following |ErKShj we define a pseudo-topology on G. We call a subset E a pseudo- 
open if it is marginally equivalent to a countable union of measurable rectangles 
A x B. The complements of pseudo-open sets are pseudo-closed sets. 
Set T(G) = L 2 (G)®L 2 (G), where ® denotes the projective tensor product. Note 
that in |ShTlj the notation r(G,G) is used instead of T(G). Every \1/ G T(G) can 
be identified with a function $:GxG^C which admits a representation 

00 

(3.1) *(x,y)=J2fn(x)9n(y) 

n=l 

where f n G L 2 (G), g n G L 2 {G) and Y^=i \ \fnW2 ■ llflwlb < 00. Such a representation 
defines a function marginally almost everywhere (m.a.e.), so two functions in T(G) 
which coincides m.a.e. are identified. The L 2 (G)®L 2 (G)-norm of \I/ is 

00 00 
||*|| r(G) =inf{^||/ n || 2 . ||<? n || 2 : * = ^ 

n=l n=l 

Note that a simple renormalization shows that each \P G T(G) admits a represen- 
tation such that X^nLi 1 1 -/W 1 1 2 ' S^°=i HflVilli < 00 an d the norm ||^||t(g) can be 
taken as the square root of the infinum of Y^Li ll/nlli ' Y^=i ll^nlli over an sucn 
representations. By |ErKShj any \1/ G T(G) is pseudo-continuous. Thus if ^ vanishes 
(m.a.e.) on K C G it vanishes on a pseudo-closed set. For T C T(G), the null set, 
null J 7 , is defined to be the largest pseudo-closed set such that each function F G T 
vanishes on it. For a pseudo-closed set E C G x G, let 

$(£) = {w G T(G) : w = m.a.e. on E}, 
$o(E) = {w G T(G) : w = on a pseudo-neighbourhood of i?}. 



4 



The spaces $(E), %(E) are L°°(G) x L°°(G)-bimodules: if f,g G L°°(G) and w G 
$(E) (w G $ (#)) then f(x)g(y)w(x,y) G $(£) (f(x)g(y)w(x,y) G $ (£) respec- 
tively). Moreover, $(£') and &o(E) are the largest and the smallest L°°(G) x L°°(G)- 
invariant subspaces of T(G) whose null set is E. 

A subset E C G x G is called a sei 0/ (operator) synthesis or synthetic with respect 
to m if $(£) = $ (^). 

It is know that B(L 2 (G)) ~ T(G)* (see jl]). The duality is given by 

00 

(T,y) = J2(Tfn,g n ), 

n=l 

for T G B(L 2 (G)) and * = £~ x /n ® <7n G T(G). 

Let Pjj denote the multiplication operators by the characteristic functions of a subset 
U C G. We say that T G B(L 2 {G)) is supported in E C G x G (or E supports T) if 
PyTPry = for each pair of Borel sets U C G, V C G such that ([/ x V) (1 E = ®. 
Then there exists the smallest (up to a marginally null set) pseudo-closed set, suppT, 
which supports T. We write supp(T) C E if T is supported by E. In the seminal 
paper jX] Arveson defined a support in a similar way but using closed sets instead 
of pseudo-closed. This closed support, supp A T can be strictly larger than supp(T). 
Then E is a set of operator synthesis if (T,w) = for any T G P(L 2 (G)) and 
w G T(G) with supp(T) C E C null if (the inclusions up to a marginally null set). 
We consider also the space V°°(G) of all (marginal equivalence classes of) functions 
y) that can be written in the form (HDl with /„ G L°°(G), g n G L°°(G) and 

00 00 
]T|/n(x)| 2 <C, xeG, J> n (y)| 2 <G, yGG, 

n=l n=l 

and for such \1/ we have 

00 00 00 

||*||v- = inf{|| ]T |/„| 2 ||^|| J] kHl^ 2 : * = X> ® U- 

n=l n=l n=l 

In tensor notations V°°(G) = L°°(G)® W h L°°(G), the weak*-Haagerup tensor prod- 
uct (jBSmJ). Let 

VZ{G) = {w G V°°(G) : w(sr,tr) = w(s,t) for all r in G and m.a.e. (s,t) G G x G}. 

In [S] Spronk found a connection between V°? V (G) and the algebra M cb A(G) of 
completely bounded multipliers of A(G). For a function u : G — > C and t, s e G 
define 

(JVtt)(t, s) = w(ts _1 ). 

Theorem 3.1. /57 T/ie map it f— > Nu is a complete isometry from M c bA(G) onto 
VZ(G). 
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4 Spectral synthesis and operator synthesis 



In this section we will prove our main result establishing a connection between 
operator synthesis and spectral synthesis for A(G), where G is a second countable 
locally compact group. The proofs are inspirited by the proof of jSTl Theorem 4.6]. 
The Banach space B(L/2(G)) is a left V°°((jr)-:module with the action defined for 
w = EZx <Pi ® V»i e V°°(G) and T G B(L 2 (G)) by 

oo 

^.U,,V.U r , 

8=1 

where the partial sums converge strongly. The operator T i— > Ylili M^,.TM Vi we will 

also denote by A w . 

For a closed subset EcGwe set 

£* = {( S) t) eGxG sr 1 G -E}. 

Lemma 4.1. Let S G VN(G). Then 

supp(S) C {supp VJV S'}*. 

Proof. Let [/, V" be closed subsets of G such that ([/ x V) n {suppy^S 1 )}* = 0. Then 
there exists an open neighborhood, W, of {suppy^}* such that (U x V) fl W = 0. 
Take / and g in L 2 {G) such that supp(/) C C/, supp((7) C V. For m = (X(-)f,g), 
we have (Sf,g) = (S,u). Moreover, supp(w) C UV~ l and supp(-u) fl suppy^S* C 
UV~ l fl suppy^S 1 = 0. Thus = (S, u) = (Sf, g). As / and g are chosen arbitrarily, 
PySPu = 0. By the regularity of m, the last holds for any Borel sets U, V giving 
the statement. □ 

Remark 4.2. Let if be a closed subgroup of G. Then 

H* = {( S ,t)eGxG: sr 1 G H} = {(s,t) <E G x G : Hs = Ht} 
= {(s,t)eGxG:f(t) = f(s)}, 

where f : G —> H\G is a continuous mapping defined by f(t) = Ht. 

Assume suppy iV (5') C H. By Lemma 14.11 supp(S') C H*. As for any Borel set 

A C H\G and a = / _1 (A), we have (a c x a) n H* = 0, it gives P a ^SP a = 0. 

Since this is true for any A we have also P a SP a c = implying that P a S = SP a and 

hence S belongs to the commutant B' of the von Neumann algebra B generated by 

multiplication operators by functions <p G L°°(G) which are constant on the right 

cosets. 

Theorem 4.3. Let G be a s.c.l.c. group and E C G be a closed subset. If E* is 
synthetic with respect to m then E is a set of local synthesis for A(G). 
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Proof. Assume that E* is synthetic with respect to m. Let u G /^(-E) and S G 
VN(G), supp VJV (S) C E. By Theorem O Nu G V°°(G). Moreover, 

(4.2) uT = A Nu T for any T G VN(G). 

In fact, if Nu(s,t) = Yli(pi{t)ipi(s), then 

A^ tt A(s)/(t) = J2 M <pXs)M^f(t) = 

i 

= YfMMs-^fis-H) = Nu(t,s-H)f(s-H) = u(s)X(s)f{t) 

i 

for any / G L 2 (G) and s 6 G. The operator A^ u is weakly-continuous. In fact, if 
Sk — > weakly, || S fe || < C for some constant C and 

ri oo 

|(Ajv«(Sfc)/,0)| < 2l(S*V'i/ J ^)| + E K S ^if^i9)\ 

8=1 j=?l+l 

V2 / oo \ V2 

|2 



i=l \i=n+l / \i=n+l 

n / „ oo \ V 2 / „ 

i=l \-/ G j=n+l / \'' G! i=n+l 



For given e > 0, by Lebesgue's theorem, there exists n such that the second summand 
is less than e and then, as S^ — > weakly, there exists .fT such that the first summand 
is less than e for any k > K. Therefore (|4.2J1 holds for any T G VN(G). 
Clearly, since u G Ia{E), Nu vanishes on E*. By Lemma l4.1[ we also have that 
supp(S') C {supp l/A rS'}* C E*. Therefore, for each w G T(G), 

(A Nu S,w) = (S, (Nu)w) = 

so that uS = An u S = 0. 

From the regularity of A(G) it follows that there exists a compactly supported 
function v G A(G) such that v — 1 on the support of u. Thus 

(S, u) = (S,vu) = (uS,v) = 0. 

□ 

It is easy to see that the condition for E to be a set of local synthesis for A(G) is 
equivalent to the condition uS = for any u G A(G) and S G VN(G) such that 
supp yA r(S') C E C null it. If G is amenable then we have the implication 

(4.3) uT = =>• (T,m) = 0, 
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guaranteed by the existence of a bounded approximate identity and any set of lo- 
cal synthesis is a set of synthesis. Certainly the assumption of boundedness of the 
identity is superfluous, and the statement holds even for G such that A{G) has an 
unbounded approximate identity. So that we have 

Corollary 4.4. Let G be a s.c.l.c. group such that A(G) has an (unbounded) approx- 
imate identity and let E be a closed subset of G. If E* is a set of operator synthesis 
with respect to m then E is a set of spectral synthesis. 

It is not known whether an approximate identity exists for any locally compact group 
G. Unbounded approximate identities which are completely bounded as multipliers 
of the Fourier algebra A{G) were studied in |CaH[ ICa[ ICoHj . Those exist for a 
number of groups like the general Lorentz group SO (n, 1), its closed subgroups, in 
particular, the free group F n on n generators, extensions of SOo(n, 1) by a finite 
group, in particular, SX(2,M), SL(2, C), SL(2, H), and weakly-amenable groups. 
The property (|4.3|) of an operator T G VN{G) was discussed in JE] and called there 
by the property (if). In particular, it was shown that any T supported in a compact 
set E possesses this property. Thus any compact set of local synthesis is a set of 
spectral synthesis. 

Corollary 4.5. Let E be a compact subset of G. If E* is a set of synthesis with 
respect to m then E is a set of spectral synthesis. 

It is not known whether there exists T G VN(G) which does not satisfy ()4.3j) . 
The next statement was proved by Eymard for arbitrary locally compact groups G, 
|Ej . using more complicated arguments of the theory of distributions on G. 

Corollary 4.6. Let s be an element of the s.c.l.c. group G. Then {s} is a set of 

spectral synthesis. 

Proof. It is enough to prove the statement for E = {e}, where e is the identity 
element in G. In this case E* = {(s,s) : s G G}. That E* is a set of operator 
synthesis follows e.g. from [ShTl , Theorem 4.8], but it can be easily seen also using 
the following simple arguments. 

Let T G B(L 2 (G)) and supp(T) C E*. It follows from Remark O that T is the 
multiplication operator by some function a G L°°(G, m). Let now F = fi®9i ^ 

$(£*). Then 

(T, F) = YYl^, ft) = YW fi) = / a(r)F(r, r)dr = 0, 
i=l 4 =i J g 

and therefore E* is a set of synthesis with respect to m. By Corollary 14.51 E is a set 
of spectral synthesis. □ 
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We also have another proof in the case of s.c.l.c. groups of the following statement 
proved by Herz, [He, Theorem 2]. 

Corollary 4.7. Any closed subgroup H of G is a set of local spectral synthesis. 

Proof. We have H* = {(s, t) E G x G : sr 1 E H} = {(s,t) E G x G : Hs = Ht} = 
{(s, t) E G x G : f{t) = f(s)}, where / : G — > H\G is a continuous function defined 
by f{t) = Ht. By jShTll Theorem 4.8], H* is a set of operator synthesis and the 
statement now follows from Theorem 14.31 □ 

Remark 4.8. By Corollaries 14.41 14*31 an y compact subgroup H is spectral for A(G) 
and any closed subgroup is spectral for A(G) if A(G) has an approximate identity. 
That any closed subgroup of a locally compact group G is a set of spectral syn- 
thesis was shown by Takesaki and Tatsuuma, |TT| Theorem 3], using the Mackey 
imprimitivity theorem and the result mentioned in Remark 14. 21 proved by a different 
method. 

Example 4.9. Let R be an ordered s.c.l.c. group and A : G —>■ R be a continuous 
homomorphism. Take a finite intersection of intervals (l™ =1 [ak, fik] in R and set 



E = A- 1 (n£ =1 [a k ,f3 k ]). Then 

E* = {(s,t) -.akKAist- 1 ) < p k ,k = l,...,m} 

= {(s, t) : a k A{t) < A(s) < &A(t), k = 1, . . . , m} 
= {(s, t) : tf(t) < g*(s),i = 1, 2, k = 1, . . . , m}, 

where ft{t) = a k A(t), f*(t) = A(t)~\ gfo) = A(s), g k 2 (s) = A(s) _1 /3 fe . By [HnTTj 



Theorem 4.8], E 1 * is a set of operator synthesis with respect to the Haar measure on 
G. Therefore E is a set of spectral synthesis by Theorem 14.31 

Our next aim is to prove a converse to the statement of Theorem 14.31 
The Banach space T(G) is an L 1 (G)-module with the action defined by 



where A is the modular function of G. We have ||/ w||t(g) < \\f\\i ' H w IIt(g)- 
Moreover, e a w — > w for any bounded approximate identity {e a } in L^iG) (see 
jHRTTl 32.22, 32.33] and jEIl p.365]). 

Let us define another action by compactly supported L 1 (G)-functions /: 



Then / w = fA 1/2 ■ w. 

We observe that by the estimate (|4.4jl below, the integral J G f(r)w(sr,tr)dr,w E 
T(G),s,t E G, converges also if / G L°°(G) and so defines a mapping (s,t) — > 
f ■ w(s, t) := J G f(r)w(sr, tr)dr. 





w E T(G). 



9 



Theorem 4.10. Let G be a s.c.l.c. group. If a closed subset E C G is a set of local 
spectral synthesis for A(G) then E* is synthetic with respect to Haar measure. 

Proof. It is sufficient to show that w ■ T = for T G B(L 2 {G)) and w G V°°(G) 
such that supp(T) C E* C null w ( |ShT2l Proposition 5.3]). 

As G is second countable the group G is cr-compact and therefore there exist compact 
sets K n such that K n C K n+ % and W^ =1 K n = G. Then clearly, M XKn T M XKn — ► T 
strongly. Therefore we can restrict ourselves to a compactly supported operator 
T, i.e. supp(T) C M x M for a compact set M C G, and compactly supported 
w G Note that in this case w G T(G). 

Let G denote the set of (equivalence classes of) irreducible continuous unitary rep- 
resentations of G. For 7r G G let if^ denote the representation space of it. Fix a basis 
{ej}j in if,,, and denote by the matrix coefficients of n, i.e. wjL(s) = (7r(s)efc, e,-). 

For (a compactly supported) w = V* ® V'i ^X^O an d vr G G consider now the 
following operator-valued function 

u> 7r (s,t) = / w(sr,tr)ir(r)dr. 
Jg 

The integral is well-defined as a Bochner integral. In fact, for each s, t G G, applying 
Cauchy-Schwartz's inequality, we obtain 

« p oo 

(4.4) / |w(sr, tr)|dr < / |^j(sr)^(tr)|(ir 



t=i 

V2 / oo \ V2 




1/2 



|V>i(*0l 2 dr 



< oo. 

\i=l / \i=l J 

Set u) w (s,t) = 

(4.5) wlj(s, t) = (w n (s, t)e k , ej) = u n kj ■ w(s } t), w^s, t) = (w w (s, t)e k , ej). 

If w G $(£7*) then w(sr,tr) vanishes m.a.e. on E* for all r, and therefore w ?r (s, it), 
w w (s,t), wlJs,t) and w^(s,t) vanish on f5*. 
We have the following expression for it;L and 



G 



wlj(s,t) = I w(sr,tr)(n(sr)ek, ej)dr = j w(r,ts 1 r)(n(r)ek, ej)dr 

w(r, ts r)u1j(r)dr. 



G 
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In particular, if w = f <8> g G T(G), then 

(4.6) wlfat) = I [ f^ul^gits-^dr = N(ful 3 * g)(s,t). 

Furthermore 



G 



wlj(s,t) = / w(sr,tr)(ir(r)ek, ej)dr = / w(r,ts 1 r)(n(s x r)e kl e^)dr 
Jg Jg 



w(r,ts 1 r)(n(r)ek,7i(s)ej)dr 
= E / w ( r ^ ts ' lr )( 7T ( r ) e k,ei){ei,Tr(s)e j )dr 

(4.7) = J2 U U S ) I «'(r l tfl- 1 rK(r)^ = 53^(a)tD£( a| t). 

i Jg i 

We state first that vf ki {s,t) G K°°(G). Indeed, if w = f ® # G T(G), then by (jOjl 
^fci = N(fv%j * g) and and therefore, since /w^- * g G A(G), u)L G K°°(G'), by 
Theorem 13.11 Moreover, 

IK^OII^^IIMilblMb^ll/lblblb, 

so that the linear operator u> i— > wjy G V°°(G) defined on elementary tensors ex- 
tends to a bounded operator T(G) -> 1/°°(G). Thus w^- G for any w G T{G). 

Next we show that G 1/°°(G). For T G B{L 2 {G)) and w = / <g> # G T(G) such 
that \\w\\ = ||/|| 2 ||^||2, define vf ki ■ T by 

(4.8) K r T,M/) = ^K r T,^( S )v&(,,t)), tteT(G). 

i 

This formula makes sense. In fact, if \1> = Y^Lif* ® suc h that IWIt(G) = 
ESill/i|| 2 ESill^H 2 ,wehave 

/ \ / oo oo 

< Eiraiwmi 2 EEK^-E 



oo 

2 



»I|2 

/ i=l i=l 

oo \ oo 



< imi 2 ^En«ii2iMi2j (EEK^J-E 

oo oo 

= imfraiwiiEiw^E 



i|l2 



i=l i / i=l 

oo 

2 



< imHhii^n*!!^ 
11 



*M2 

i=l i=l 
2 



the last equality follows from 



= E/ i/(*)««(*)r*= / i/wi'Eiw*) 6 *^)! 2 * 

z z ^ G ^ G z 



|/(t)ni(vr(t)e fc ||^= / |/(t)|^=|l/lla- 
g Jg 

Thus the operator • T is well-defined for w = / <g> g and since • T|| < 
1 1^1 1 1 l w l \t(G) f° r elementary tensors w, the definition w^j ■ T makes sense for any 
w G T{G) and 

(4-9) \J2^lrT,uJ^)\ 2 < l|T|| 2 lklln G )ll^llT ( G) 

z 

for any \1> G T(G) Clearly, T i— > w^- • T is thus a bounded L°°(G)-bimodule map on 
B(L 2 {G)) and hence by |Sm| 2.1] is completely bounded. Then by [BSm, 4.2], it is 
of the form uj ■ T for u G K°°(G') and therefore = u m.a.e. 

For w 71 we have 

w^^sr, tr) = z(sr)w 7r (sr,tr) — 7t(sr) / w(srp : trp)n(p)dp 



JG 

= 7r(s) / w(srp,trp)7r(rp)dp = ir(s) / w(sp,tp)ir(p)dp = ^(s, t), 

implying G V^(G). By Theorem 13.11 
(4.10) tf£ = iV M 

for some w G M c bA(G). Moreover, if w vanishes on £?* then u vanishes on E. 
We claim that Nu-T = for any operator T and u G M c &A(Cr) such that supp(T) C 
E*, null w D £. In fact, since E is a set of local spectral synthesis, given w G 
A(G) with compact support, uw can be approximated by u a G </^(-E) and therefore 
N(uw) is a l /00 (G')-limit of iVu Q , vanishing on pseudo-neighborhoods of E*. By 
jShTH Theorem 4.3], (T, *) = for any * G $ (£*). Therefore (iVw Q • T, F) = 
(T, (Nu a )F) = for any F G T(G) implying Nu a ■ T = and JV(uiu) • T = 0. As 
(iVu • T, (Nw)F) = for any io G with compact support and F G T{G) it is 

enough to see now that the subspace, Jvt, generated by (Nw)F, where F G T(G) 
and w G A{G) with compact support, is dense in T(G). As null M. = 0, this is true 
by an analogue of Wiener's Tauberian Theorem |ShTH Corollary 4.3]. 
We obtain by ()4.1U|) that for any w G V°°{G) which is compactly supported and 
vanishes on E* 

wlj ■ T = 0. 
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Therefore by (J4.9)) 

wl J -T = (J2u] l (s)wl ] (s,t))-T = 0, 
I 

Let K be a compact set such that supp(w) C K x K and supp(T) C K x K. Then 
since T = M Xk TM Xk , for compactly supported /i G L l (G) we have 

<T,fr-w> = (M XK TM XK ,h-w) = {T, XK {t)XK{s) f w{sr,tr)h{r)dr) 

JG 

= (T, w{sr,tr)xK^K(r)h(r)dr) = (T,hxK-^K -w). 

JG 

Take / G L°°(G), g G L°°(G), supp(/) C if, supp(#) c X, and set u = / <g> g. Then 

(w • T, uIjXk-ik ■ w) = (T, (uIjXk^k ■ w)uj) 
= (T,wZ j u) = (wZ r T,u>) = 0. 

Hence for finite linear combinations J2i c % u i °f matrix coefficients 

(u • T, ^ CiUiXK-^K -w) =0. 

i 

Take now an approximate identity {ec,} consisting of non- negative continuous func- 
tions with compact support in L l (G). We can assume that K~ X K contains the 
supports of e a 's. Then, by [El 13.6.5], A 1//2 e a can be approximated in L l {G) by 
finite linear combinations Yli=i c i u OiK~ x K- This yields 

= (u ■ T, (A 1/2 e a ) -w) = (uj-T, (e a ) © w) 

and therefore = (u ■ T,w) = (w -T,uj). Finally, we obtain w - T = 0. 

□ 

Corollary 4.11. Let G be a s.c.l.c. group. 

a) Then a compact set E C G is a set of spectral synthesis for A(G) if and only if 
E* is a set of operator synthesis with respect to Haar measure. 

b) Assume that A(G) has an approximate identity. Then a closed set E C G is a set 
of spectral synthesis for A(G) if and only if E* is a set of operator synthesis with 
respect to Haar measure. 

Proof. Follows from Corollary 14. 4^ Corollary 14.51 and Theorem 14.101 □ 
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5 Ditkin sets and operator Ditkin sets. 



Our goal in this section is to find a connection between Ditkin sets and operator 
Ditkin sets. Let G be a locally compact group and let m be the Haar measure on 
G. A closed subset E C G is said to be a (local) Ditkin set if for any / G Ia{E) 
(/ G I^(E)) there exists a sequence {r n }^L 1 such that r n G ^(-E) (ft = 1,2,...) 
and r n / — > / as n — > oo. It is called a strongly Ditkin set if such a sequence {r n } 
can be chosen uniformly for all functions / G Ia{E). 

In a similar way operator Ditkin sets were defined in jShTlj . By |STj the elements 
of V°°(G) are the multipliers of T(G), i.e. wwCuifwe V°°(G) and a; G T(G). We 
call a pseudo-closed subset E C G x G an m-Ditkin set if for any u> G $(£?) there 
exists a sequence r n G V°°(G) such that r n vanishes on a pseudo-neighbourhood of 
E (n= 1,2,...) and 

||r n ty — w| |t(g) "~ ^ 0) as n ^ oo. 

B C G x G is said to be a strong m-Ditkin set if such a sequence {r n }^ =1 can be 
chosen uniformly for all w G T(G). 

If G is a compact metrizable abelian group, it is known that E = {0g} is a strong 
Ditkin set. Moreover, this set satisfies the following three conditions: (1) E is a set 
of synthesis; (2) there exist open sets Q n containing E such that 

Q n+ i cQ n 7i = 1, 2, ... and n^° =1 tt n = E; 

(3) there exists a sequence {u n } with 1 — u n G J^(E), n = 1,2, . . ., satisfying the 
following two conditions: 

m„(x) = for all x £ Q n , 

I \ ^n \ | — 1 ~t~ ^n, 

where {e n } is a sequence decreasing to zero. 

Note that any closed subset E of the spectrum of a semisimple, regular, commutative 
Banach algebra A satisfying the conditions (1), (2) and (3) is a strong Ditkin set for 

Let Z be a standard Borel space and let / : G — > Z and g : G — > Z be Borel 
functions. Consider 

(5.11) £ = {( S ,i):/( S )=#cGxG. 

If G, Z are compact metrizable spaces, /, g are continuous functions and A = 
V(G) = C(G)<S>C(G), the Varopoulos algebra, then E is shown in jD] to satisfy 
the conditions (1), (2) and (3) and therefore to be a strong Ditkin set for V(G). 
Knowing that E is a set of synthesis with respect to m ( |ShTH Theorem 4.8]) we 
can use a similar argument to show the following statement. 
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Proposition 5.1. E = {(s, t) : f(s) = g{t)} C G x G is a strong m-Ditkin set. 

Proof. First we embed Z into the torus, T^, of infinite dimension: by [H Theorem 
A.l] there exists a Borel injective mapping ip : Z — ► T^. Consider a mapping 
p : G x G — » Too given by 

p(s,t)=iP(f(t))-,J>(jj{s)l 

where the subtraction is taken with respect to the group structure on T^. Then 
p- 1 (T OQ )=E. 

As {Ot^} satisfies (1), (2), (3) in A^oo), there exist open sets S n C such 
that Ot^ G S n , S n C S n +i, w = 1, 2 . . ., P) S n = {0} and a sequence of functions 
w n G v4(Too) such that l-w„ G JaU^t <*>}), w n (x) = for x ^ £„ and ||w n |U < 
(e n -> 0, e n > 0). 

Define f2 n = p _1 (S n ). As ip o f and ip o g are Borel mappings for given m > 
there exist by Lusin's theorem closed subsets A m C G and _B m C G such that p is 
continuous on A m x 5 m and |G\ Anl < 1/m, |G\S m | < 1/m. We can choose those 
subsets increasing in m. Therefore 

Q n n (An x 5 m ) = {(x, y) eA m x B m : p(x, y) G S n } 

is open in A m x B m for all n and 

(5.12) En(A m xB m ) = n^ p- 1 ^) n (An x £ m ) 

c n^° =1 fi„ n (An x s m ) c 
c n~ ip -1 ^ n (A™ x 5 m ) = E n (A, x a m ) 

Set u n = w n o p. First we show that w n G K°°(G). In fact, if w n = J^gf^ a x ,nX with 
ExeT^ l a x,«l = IWU, then 

W n (p(s,t)) = a X,nX(lp(f(s)))x(*P(g(t))) 

and our claim follows since 

Y l a X,nllx(^(/(«)))| 2 = Y \ a X,n\\x(lP{g(t)))\ 2 = Y l a X,n| = IKIU- 
* eT °° xetoo xeToo 

Moreover, by Theorem l3.ll ||w n ||y°° < ||w n |U — l+ £ w « re = on Q° and r n = l — u n 
vanishes on a pseudo-neighbourhood of E. 

We next show that for given w G $(-£'), ||r n iy — w|| — * 0, as n — > 0. Assume first that 
supp (w) C KxK, where is a compact set. Then u> = w™ + w™ + w™ + w™ , where 

TTi Tfl 7TL Tfl 

™1 = WXA m xB m , W 2 = WX(G\A m )xB m W 3 = WXA m x(G\B m ), W 4 = WX(G\A m )x(G\B m )- 
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For given e > there exists M > such that ||w™||t(g) < e f° r eac h m > M 
and i = 2,3,4. Indeed, since the sequence {A m } is increasing in measure to G, by 
Lebesgue's theorem f G \ A \fi( r )\ 2 dr — > as m — ► oo and for w;™ we have 



l W 2 Nt(G) — 



» oo „ oo 

/ Y)|/,(r)| 2 dr / J>»(r)| 2 dr^0. 

J G\A m i=1 Jg <=1 



Similarly, ||H"IIt(G) ~~ ^ 0, i = 3, 4. Fix now m > M. By [ShTl, Theorem 4.8] E is a 
set of operator synthesis with respect to Haar measure and by |ShTl| Lemma 6.1] 
so is E H {A m x B m ). As E fl (A m x I? m ) is closed, by A, 2.29] there exists ip G 
T{G), supp ^ C A m x £? m , vanishes on an open neighborhood Q C v4 m x B m of 
En (A m x B m ) and VI I < e - B Y (EH2J), 



n~ =1 Q n n {A m x 5 m ) nAxAcfinAxA 

and so Vt n n (An x jB m ) x ii' C nnif x if for n > Af, A is large enough. Thus 
UnipXKxK = for n > N. We get 

\\T n W™-W™ || = ||r„(w™-^)XA'x J ft'-MnVXXxX- (wr-^)X^x^|| < (1 + | |t„| \v°°)s 

and 



HI < \K™T -KW + Y^Wn- 1)<1I < 4(1 + ||r n || v «)e. 



i=2 



As G is a-compact there exist compact subsets K\ such that if; C Ki + \ and U^Aj = 
G, and therefore for any w G T{G), w = \imwxK l xK l in giving that \\r n w — 

w\ \ — > for any u> G <&{E). □ 

Corollary 5.2. .Am/ finite union of sets of type h5.11\) is a Ditkin set. 

Proof. It follows from Proposition 15 . II and |ShTl[ Theorem 7.1]. □ 

Remark 5.3. It follows, in particular, from Corollaru \5.^\ that finite unions of sets 
of type H5.ll)) are sets of operator synthesis. This was also proved by Todorov in \Td/ 
using another method. 

We will now establish a connection between (strong) Ditkin sets for A{G) and 
(strong) operator Ditkin sets. 
For w G T{G), define as in [^7] 

Qw{s) = / w{sr 1 r)dr. 
Jg 
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If w = J2Zifi®9i witn E^i ll/illi • E^ilNII < oo. Then 

oo 

Q W ( S ) = ^*/ J )( S - 1 )GA(G) 

and, moreover, < ||w||t(g)- Thus Q : T{G) — > A(G) defines a contraction 

operator. 

Theorem 5.4. Let G be a second countable locally compact group. If E* is a strong 
m-Ditkin set then E is a local Ditkin set. If E is a strong Ditkin set then E* is an 
m-Ditkin set. 

Proof. Assume first that E* is a strong m-Ditkin set. Let {^n}^Li C V°°(G) be a se- 
quence from the definition of a strong m-Ditkin set and let u G I C {E). For a compact 
subset K C G containing the support of it, define (Nu)K(s,t) = w(st~ 1 )x^(t). We 
have (Nu) K {s,t) = XMK{s)u(st~ l )xK{t), where M = supp(w). As G V°°(G) 

and |MiC| < oo, \K\ < oo, it yields (Nu)k G T(G). Moreover, (Nu)k vanishes on 
E*. Therefore, | \^f n (Nu)K — (Nu)k\\t(G) ~" > as n — > oo. Thus given e > 0, there 
exists N such that for n > N 

\\Q(* n (Nu) K ) - Q((Nu) K )\\ A < \\* n (Nu) K ~ (Nu) K \\ T (G) < j^r- 

|A | 

On the other hand, 

Q(ty n (Nu) K )(s) = / ^ n (sr,r)Nu(sr,r)xK(r)dr = / ^ n (sr,r)u(s)xK(r)dr 

Jg Jg 

= u(s) / XMK{sr)^ n {sr,r)xK(r)dr = u{s)Q{^ n {xMK <^> Xk))(s) 
Jg 

and similarly Q((Nu)k) — u\K\ giving us 

\\Q(* n (Nu) K ) - Q((Nu) k )\\a = \\uw n - u\K\\\, 
where w n = Q(^ n (XM ® Xk))- We obtain now that for r n = w n /\K\, 

\ K \e 

\\UT n -u\\ A < — — = e. 

|A | 

Hence E is a local Ditkin set. 

Suppose E is a strong Ditkin set. Let v n G J%(G) be a sequence such that \\v n f — 
f\\ A -> as n -> oo for any / G /(£?). By Proposition iVi;„ G V^°°(G), n = 
1,2,.. ., and 

(5.13) ||(^n)W)-^/||v- < K/-/IU-0. 
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Next we show that (Nv n )w ■ T — > w ■ T ultra-weakly for any compactly supported 
T in B(L 2 (G)) and any compactly supported w in V°°{G) such that w = on E* 
using arguments similar to the ones in the proof of Theorem 14.101 
Assume supp(w) C K x K, for a compact set K C G. Let w\- and be 

functions as defined in ()4.5|) and let u\j be the matrix coefficient (n(-)ek, ej), n E G. 
We have wlfat) = E^zi( s )™wM) by (jUJ). Hence, for u E A(G), V E T(G), 

\((Nv n - l)w- kj ■ T,N(u)*)\ < ^\((Nv n - 1)< ■ T,ulN(n)n 

i 

where L is a finite set. For the infinite sum we can apply the estimate (J4.9j) with 
(Nv n — 1)^ instead of so that for given e > there exists a finite subset L such 
that 

£K(^n - 1W • r,tij^(«)*>| = J] |«, ■ T,u$N(u)(Nv n - < e 

For the finite sum we note first that = N(v kl ) for some v% t E M c bA(G) by (|4.10|) . 
Then by ()5.13|) there exists M > such that for any n > M, 

£ |<(J\fo„ - l)tS£ ■ T, | = 53 i(T,^(^n - l)N(vZ)Nto*)\ = 

lEL leL 

Y,\(T,u%Nv n - l)iV(«*>l < E II T H • - l)A-(«S«)||v*[|*lk(0) < e 

leL leL 

We obtain, 

((Nv n - 1)< 3 ■ T, N(u)#) -> 0, n -> oo. 
As in the proof of Theorem 14.101 it yields 

(5.14) ((Nv n - l)wlj ■ T, *) -> 0, 7i -> oo 

for any \l/ G T(G), since {iVf n } is bounded in norm. Using the same arguments as 
in the end of the proof of Theorem 14.31 we have that for big enough compact set K 
there exists a linear combination u = Ylt=i c i u i °f matrix coefficients such that 

\\w - uxk-^k ■ w\\t(g) < £• 
Thus for u E T(G), supp(cu) C K x K, 

\((Nv n -l)wT,u)\ < \({Nv n -l)-T,u(w-u X K-i K -w))\ 

+ \({Nv n -l)-T,u(u XK -iK-w))\- 
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The first summand is less than Ce for some constant C, for n large enough , as 
{Nv n } is bounded in norm. As k>(tijy • w) = uiw^j by (|4.5jl for all fc, j, tt, we have 
by (jOlD 



for each G T(G). Hence {Nv n )wuo — > wcj weakly for each c<j G T(G). As the set 
of all linear combinations of wu, where w G V°°, w = on E* and u; G T(G), is 
dense in ( ShT2 , Proposition 5.3]), (Av n ) uo — > c<j weakly for any u; G 

Taking if necessary convex linear combinations of the Nv n 's, we obtain elements 
u> n G V oc (G),ri G N, such that \\w n u — u\\t(G) -* as n tends to infinity. Clearly, 
the sequence {w n } n satisfies the necessary conditions. □ 

Corollary 5.5. Any closed subgroup H of G is a local Ditkin set. 

Proof. We hav e H* = {(s,t) : f(s) = fit)}, where / : G -> G\H, t i-> As G is 
metrizable, by [HRI, ((8.14)], is metrizable. The statement now follows from 

Proposition 15. II and Theorem 15.41 □ 

For G amenable the statement was obtained in [FKLS^ showing that Ia{H) has 
a bounded approximate identity. For arbitrary locally compact G and H a closed 
neutral subgroup it was proved in |DDj . Note that there are closed subgroups of 
l.c.s.c. groups which are not neutral (see |RDl p. 107]). 
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